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a b s t r a c t
For a poset P = (X,≤), the upper bound graph (UB-graph) of P is the graph U = (X, EU ),
where uv ∈ EU if and only if u 6= v and there exists m ∈ X such that u, v ≤ m. For a
graph G, the distance two graph DS2(G) is the graph with vertex set V (DS2(G)) = V (G)
and u, v ∈ V (DS2(G)) are adjacent if and only if dG(u, v) = 2. In this paper, we deal with
distance two graphs of upper bound graphs. We obtain a characterization of distance two
graphs of split upper bound graphs.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
In this paper, we deal with finite posets and finite undirected simple graphs. For a vertex v in G, the neighborhood of v
is the set of vertices which are adjacent to v, and denoted by NG(v). NG[v] = NG(v) ∪ {v} is called the closed neighborhood
of v. Let dG(u, v) (the distance between the vertices u and v) denote the length of a shortest path from u to v. A clique in a
graph G is the vertex set of a complete subgraph of G.
For a poset P = (X,≤P), the upper bound graph (UB-graph) of P is the graph UB(P) = (X, EUB(P)), where xy ∈ EUB(P) if
and only if x 6= y and there exists m ∈ X such that x, y≤P m. G is an UB-graph if there exists a poset P with G = UB(P).
McMorris and Zaslavsky [5] introduced this concept and gave a characterization of UB-graphs.
Bergstrand and Jones [1] and Cheston, Hare, Hedetniemi and Laskar [2] gave another characterization of UB-graphs. A
vertex v of a graph G is a simplicial vertex if NG(v) is a clique.
Theorem 1 (Bergstrand, Jones [1] and Cheston et al. [2]). A graph G is a UB-graph if and only if every edge lies in the induced
subgraph of some closed neighborhood of a simplicial vertex. 
The distance two graph DS2(G) of a graph G is the graph with vertex set V (DS2(G)) = V (G) and u, v ∈ V (DS2(G)) are
adjacent if and only if dG(u, v) = 2.
By the definition of distance two graphs, for a graph G,DS2(G) is a subgraph of the complement of G. In [3] Era and
Tsuchiya obtain some results on complements of UB-graphs. A graph G is a split graph if its vertices can be partitioned into
an independent set, S, and the vertex set, K , of a complete subgraph. We write G = K + S. Földes and Hammer [4] give a
characterization of split graphs.
Theorem 2 (Era and Tsuchiya [3]). Let G be a connected UB-graph. Then both G and its complement G¯ are UB-graphs if and only
if G = K + S is a split graph, where K is a maximal clique and S is an independent set, satisfying one of the following conditions:
(1) there exists a simplicial vertex belonging to K ,
(2) for each edge e = uv in the induced subgraph of K , there exists a vertexw in S such that {u, v} ⊆ NG(w), and for each pair
of vertices x, y in S, there exists a vertex z in K such that neither x nor y is adjacent to z. 
These results motivate us to consider distance two graphs of split UB-graphs.
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2. Main result
We obtain the following result.
Theorem 3. Let G 6= Kn be a connected split UB-graph with G = K + S, where K is a maximum clique and S is a non-empty
independent set. Then DS2(G) is a split UB-graph if and only if for all vertices u, v in S,
(1) NG(u) ∩ NG(v) 6= ∅ and,
(2) there exists a vertex x in K such that x 6∈ NG(u) ∪ NG(v).
Proof. First we assume that G satisfies conditions (1) and (2). We show that DS2(G) satisfies the condition of Theorem 1
as follows. By condition (1), dG(u, v) = 2 for all pairs u, v ∈ S and thus, S is a clique of DS2(G). Since dG(x, y) = 1 for all
pairs x, y ∈ K , K is an independent set of DS2(G). Thus DS2(G) is a split graph and each vertex of K is a simplicial vertex
of DS2(G). Therefore, every edge e = uv with u ∈ K , v ∈ S, lies in the induced subgraph of the closed neighborhood of a
simplicial vertex u. Now let e = uv be an edge of DS2(G), where u, v ∈ S. By condition (2), there exists a vertex x in K such
that x 6∈ NG(u) ∪ NG(v). Because G is connected, every vertex in S has at least one neighbor in K . Then dG(u, x) = 2 and
dG(v, x) = 2. Since x is a simplicial vertex of DS2(G),DS2(G) is a UB-graph by Theorem 1.
Converselywe assume thatDS2(G) is a split UB-graphwith K2+S2,where K2 is a clique and S2 is amaximum independent
set. We will first show that S2 = K and K2 = S. First we consider the case K ⊆ S2.We assume that there exists a vertex
v ∈ S2 − K . Then v ∈ S and dG(v, x) 6= 2 for all x ∈ K , because v 6∈ K and S2(⊇ K) is an independent set of DS2(G). Since
G is connected and K is a clique of G, dG(v, x) ≤ 2 for all x ∈ K . Thus dG(v, x) = 1 for all x ∈ K and K ∪ {v} is a clique of G.
This contradicts the fact that K is a maximum clique of G. Therefore S2 = K .
Next we consider the case K 6⊆ S2. If there exist two vertices x, y ∈ K − S2, then x, y belong to K2 and x is not adjacent to
y in G,which is a contradiction, because K is a clique of G. Thus K − S2 consists of a single vertex, say α. Then K −{α} ⊆ S2.
If there exists a vertex v ∈ S2 − (K − {α}), v 6= α, then following the argument from the first case, (K − {α}) ∪ {v} is a
clique of G. Note also that α and v are not adjacent, else K ∪ {v} is a clique in G, contradicting the maximality of K .
We assume that there exist two distinct vertices u, v ∈ S2 − (K − {α}). In the case α = u, dG(u, v) = 2, because
v ∈ S and v is adjacent to some vertex of K , but not to α. In the case α 6= u and α 6= v, u and v are adjacent to all
vertices K − {α}, because once again, both (K − {α}) ∪ {u} and (K − {α}) ∪ {v} are cliques in G. Since G is connected and
|K | ≥ 2,NG(u)∩NG(v) 6= ∅. In either case, dG(u, v) = 2,which is a contradiction, because S2 is an independent set ofDS2(G).
Thus no such distinct u and v exists, so S2 can be written as (K − {α}) ∪ {w}. |S2| = |K | and V (G)− S2 = (S − {w}) ∪ {α}
is a clique of DS2(G). Therefore we can consider DS2(G) as a split graph with S + K ,where S is a clique of DS2(G) and K is a
maximum independent set of DS2(G).
Now we show that conditions (1) and (2) must hold. Since S is a clique of DS2(G),NG(u) ∩ NG(v) 6= ∅ for all vertices
u, v in S. Since DS2(G) is a UB-graph, for an edge e = uv of DS2(G), where u, v ∈ S, Theorem 1 implies that there exists a
simplicial vertex x of DS2(G) such that ux, vx ∈ E(DS2(G)). Since dG(u, x) = 2 and dG(v, x) = 2, x 6∈ NG(u) ∪ NG(v). If for
all u, v in S, such an x lies in K , then we are done. Otherwise, suppose for some u, v in S, no such x lies in K . In particular,
for the edge uv ∈ E(DS2(G)), we assume that there exists no simplicial vertex x in K such that ux, vx ∈ E(DS2(G)). Then
x ∈ S. Furthermore, if there is aw in K adjacent to neither u nor v in G, then uw, vw ∈ E(DS2(G)). This makesw simplicial
in DS2(G), contradicting our assumption. Therefore K = NG(u) ∪ NG(v). Since K is maximum clique of G, there exists a
vertex of y ∈ K such that y is not adjacent to x. Note that y is adjacent to x in DS2(G). Since K = NG(u) ∪ NG(v), uy ∈ E(G)
or vy ∈ E(G). So {y, u, v} is not a clique of DS2(G), contradicting the fact that x is a simplicial vertex of DS2(G). Thus for
each edge uv ∈ E(DS2(G)), where u, v ∈ S, there exists a simplicial vertex x in K such that ux, vx ∈ E(DS2(G)), and thus
x 6∈ NG(u) ∪ NG(v). 
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